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Abstract—In this paper, we discuss about the approx-
imation of any continuous function by the sigmoid func-
tions on a unit cuboid and simplify the approximation
by choosing some appropriate linear transformation Bh.
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I. INTRODUCTION

Let Ω be a set in Rn. The space C(Ω) is the space
of all uniformly continuous functions on Ω, with norm

||f ||C(Ω) := sup
x∈Ω
|f(x)| <∞.

For an arbitrary function from C(Ω) we have

lim
h→0
||f(x+ h)− f(x)||C(Ωh) = 0;

where h ∈ Rn and Ωh := Ω ∩ (Ω − h), (Ω − h) is
the translation of Ω by the vector −h. The property
follows from the definition of uniform continuity. The
property is also known as continuity with respect to
translation.

In 1989, Bajracharya and Burenkov [1] obtained the
necessary and sufficient conditions for the continuity
with respect to a non-linear translation, Bh : Ω→ Rn.

Theorem 1.1 (Bajracharya & Burenkov):
Let Ω ⊂ Rn be an open set , δ > 0, and for all

h ∈ Rn, |h| < δ, let a transformation Bh : Ω → Rn.
For all f ∈ C(Ω)

lim
h→0
||f(Bh)− f ||C(Ωh) = 0

it is necessary and sufficient that

lim
h→0
|||Bh(x)− x|||C(Ωh) = 0

where Ω{h} = {x ∈ Ω : Bh(x) ∈ Ω}
Definition 1.1: A sigmoid function is a continu-

ous monotone function with limt→−∞ σ(t) = 0 and
limt→∞ σ(t) = 1

In 1989, Cybenko [2] showed that any continuous
function on a compact subset of [0, 1]n can be approxi-
mated by a feed forward neural network with only one

single hidden layer and a finite number of neurons, i.e.
by superpositions of sigmoid functions.

The functions of form
∑N

σ(Wx+ b) approximate
a continuous function on a cuboid.

Theorem 1.2 (Cybenko): Let σ be a continuous
monotone function with limt→−∞ σ(t) = 0 and
limt→∞ σ(t) = 1. Then, the set of functions of the
form

∑
αjσ(WT

j x+ bj) is dense in C([0, 1]n).
Definition 1.2: Let V and W be vector spaces over

the same field K. A function f : V →W is said to be
a linear transformation if for any two vectors u, v ∈ V
and any scalar c ∈ K the following two conditions are
satisfied:

Additivity: f(u+ v) = f(u) + f(v)

Homogenity: f(cu) = cf(u).

Then our main result is the following.
Theorem 1.3: Let f be a continuous function on

[0, 1]n, h ∈ Rn, Bh : Rn → Rn a linear transformation
and σ a uniformly continuous sigmoid function. If

lim
||h||→0

||Bh(x)− x|| = 0

then, for every h ∈ Rn, for some N ∈ N,

lim
||h||→0

|f(x)−
N∑
αjσ(Bh(x)| = 0.

II. APPROXIMATION WITH RESPECT TO LINEAR
TRANSFOMATION

Let Bh be a linear transformation Bh : Rn → Rn.
By Theorem 1.1

lim
||h||→0

||Bh(x)− x|| = 0

iff
lim
||h||→0

||σ(Bh(x))− σ(x)|| = 0.

By theorem 1.2, for any function f ∈ C[0, 1]n we
have for ε > 0, some N ∈ N such that

||f(x)−
N∑
αjσ(W (x) + bj)|| < ε.
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Now,

lim
||h||→0

||σ(Bh(x))− σ(x)|| = 0

=⇒

lim
||h||→0

||
N∑
αjσ(Bh(x))−

N∑
αjσ(x)|| = 0

Thus, for every function f and ε > 0, there is some
N such that

||f(x)−
N∑
αjσ(Bh(x)|| < ε.

Moreover,

lim
||h→0||

||f(x)−
N∑
αjσ(Bh(x)|| = ||f(x)−

N∑
αjσ(x)|| < ε.

Example 2.1: Consider Bh(x) = (I−|h|W )x+|h|b)
where W is a matrix of order n; h, b ∈ Rn and I is an
identity matrix, then

lim
||h||→0

||Bh(x)− I(x)|| = 0

Problem 2.1: Let Bh be a square matrix of order n
and x, h ∈ Rn, we look for general conditions for Bh

such that

lim
||h||→0

||Bh(x)− I(x)|| = 0

Problem 2.2: What additional assumptions are re-
quired to approximate discontinuous functions?

III. CONCLUSION

In this paper, we simplified the approximation of
continuous function by uniform continuous sigmoid
functions with respect to some appropriate linear trans-
formations.
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